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We investigate all spherically symmetric fundamental monopole solutions with fixed topological
charge in the S˜U(5)→ [S˜U(3)× S˜U(2)× U˜(1)]/Z˜3 × Z˜2 symmetry breaking. We find that there is
three-fold replication of the monopoles. The three copies correspond to bound states with “monopole
clouds” arising from the non-Abelian nature of the S˜U(3) factor. The triplication of monopoles could
help us understand the observed family structure of standard model particles.
PACS numbers: 98.80.Cq
Magnetic monopoles are of diverse and fundamental
interest since they are predicted by all grand unified the-
ories and embody a rich mathematical structure. They
are also central to discussions of non-perturbative field
theory and may provide a new perspective on particle
physics phenomenology.
The topological properties of any field theory leads
to a classification of the topological defect solutions it
contains. However, there are interesting and important
properties of field theories that are missed by the topo-
logical classification. For example, a more detailed study
of domain walls in an SU(5) × Z2 model reveals three
different domain wall solutions, all having the same topo-
logical charge [1, 2]. Guided by the domain wall example,
we turn our attention to magnetic monopole solutions in
S˜U(5)→ [S˜U(3)× S˜U(2)× U˜(1)]/Z˜3 × Z˜2 (1)
(The tildes indicate that the groups should not be con-
fused with the symmetry groups of the standard model,
which will be written without tildes.) This symmetry
breaking is of interest because it is the basis of current
grand unification models. More importantly for us is
the fact that the topological charges of (non-BPS) mag-
netic monopole solutions in this model are in one to one
correspondence with the electric charges of the standard
model leptons and quarks [3]. If duality holds, then any
structure of the S˜U(5) monopole solutions should be re-
flected in the standard model particles and vice versa. In
particular we ask: can the family structure of standard
model particles be present in the monopole solutions? (A
different approach to the family structure was taken in
[4].)
Our approach to solving the problem is to construct
all spherically symmetric monopole solutions with unit
winding and fixed charge orientation in the model. Here
we are not interested in continuous degeneracies of the so-
lutions that are given by the zero modes. Instead we are
looking for features in the space of solutions, particularly
for non-BPS monopoles, that might point to a replication
in the quantum theory of monopoles. In our effort to de-
termine all such solutions, we rely on the construction of
Wilkinson and Goldhaber (WG) [5], though with a novel
twist that we detail below. We are led to three possible
solutions that are then found numerically. Two of these
have the strange feature that they are not localized and
hence need careful interpretation. Such a situation was
analyzed in detail by Weinberg and collaborators [6, 7] in
the BPS case and, following their discussion, we interpret
each of our two non-localized solutions as a “monopole
plus cloud”. A further symmetry breaking of the S˜U(3)
group in eq. (1) to U˜(1)1 × U˜(1)2 would condense the
clouds into localized objects. Now the interpretation of
the three monopoles as distinct objects is very clear since
they all have different masses.
We briefly discuss the WG [5] recipe for construct-
ing spherically symmetric magnetic monopole solutions.
(This scheme has earlier been applied to the S˜U(5) case
in [8, 9] but in a different context.) We start by fixing
the vacuum expectation value (VEV) of the S˜U(5) ad-
joint scalar field, Φ, along the z−axis:
Φ(z →∞, zˆ) ≡ Φ0 = η
2
√
15
diag(2, 2, 2,−3,−3) (2)
where η is the magnitude of the VEV. We also fix the
magnetic charge, Q, of the magnetic monopole solution:
Q = −diag (0, 0, σ3, 0) /2 . (3)
(σa, a = 1, 2, 3 denote the Pauli spin matrices.) Then
the asymptotic magnetic field along the z−axis is:
eB =
Q
r2
rˆ . (4)
2where e is the gauge coupling. This monopole corre-
sponds to the left-handed quark doublet in the dual stan-
dard model [3].
We would like to find all spherically symmetric solu-
tions corresponding to monopoles with charge Q given
in eq. (3). The key idea of the WG recipe is to start
by working in the singular Abelian gauge - the gauge in
which monopoles are point objects. In this gauge Φ is
fixed, Φ = Φ0, and the gauge fields are those of a Dirac
monopole. It is relatively straightforward to write down
all possible point-monopole solutions given the symme-
tries of the system. WG then prescribe how to construct
a gauge transformation that would transform each of
these point-monopoles into spherically symmetric finite-
energy monopole solutions.
As described by WG [5], though changing the sequence
of their reasoning, we must find all SU(2) generators Ia
such that
[Ia, Q] = 0 , [Ia,Φ0] = 0 , a = 1, 2, 3. (5)
The choice of Ia fixes the third generator, T3, of the
SU(2) that defines the spherical symmetry of the solu-
tion:
T3 = I3 −Q. (6)
Note that [Q,Φ0] = 0 and therefore [T3,Φ0] = 0. Once T3
is known, we can find the ladder matrices T± satisfying:
[T3, T±] = ±T± , (7)
and hence the T1 and T2 generators via T1 = (T++T−)/2
and T2 = (T+ − T−)/2i. Note that if T3 has degenerate
eigenvalues, there can be several choices for the T±. The
asymptotic scalar fields are written as:
Φ(rˆ) = Ω(rˆ)Φ0Ω
−1(rˆ) (8)
where rˆ = (sin θ cosφ, sin θ sinφ, cos θ), and Ω(rˆ) =
e−iφT3e−iθT2e+iφT3 . On the other hand, the asymptotic
gauge fields are given by
eA = [I(rˆ)−T]× rˆ
r
(9)
where I(rˆ) = Ω(rˆ)ω−1(rˆ)Iω(rˆ)Ω−1(rˆ) with ω(rˆ) =
e−iφI3e−iθI2e+iφI3 . Note that where Ia is written with-
out any argument, it refers to Ia(zˆ).
Finally, we need to introduce profile functions to get
the radial dependence of the fields [5]. This leads to the
following ansatz for the scalar field along the z−axis:
rΦ(r) = r diag(Φ11,Φ22,Φ33,Φ44,Φ55)
= h1(r)λ3 + h2(r)λ8 + h3(r)τ3 + h4(r)Y ,(10)
where
λ3 =
1
2
diag(σ3, 0, 0, 0) , λ8 =
1
2
√
3
diag(1, 1,−2, 0, 0) ,
τ3 =
1
2
diag(0, 0, 0, σ3) , Y =
1
2
√
15
diag(2, 2, 2,−3,−3) .
The magnetic field is given in terms of complex func-
tions, vij(r), i, j = 1, ..., 5 but only four of them will be
non-zero: the function vlk is non-trivial only if there is
a possible choice of T+ such that [T+]lk is non-zero [5].
Next we define
[M1(r)]ij =
vij + v
∗
ji
2
, [M2(r)]ij =
vij − v∗ji
2i
(11)
from which the gauge field is:
eA(r) = [M(r) −T]× rˆ
r
. (12)
The energy functional is
E =
∫
d3x
[
TrB2 +Tr(DΦ)2 + V (Φ)
]
(13)
with
V (Φ) = −m2Tr(Φ2)+h(Tr(Φ2))2+λTr(Φ4)−m
4
4λ′
, (14)
where λ′ = h+ 7λ/30 and η = m/
√
λ′ (see Eq. (2)).
Different functions vij will be non-trivial, depending on
the choice of I satisfying eq. (5). The only possibilities
for I3 are: I3 = 0 or I3 = diag(±σ3, 0, 0, 0)/2. The for-
mer choice gives the conventional monopole [8, 9], while
it turns out that the latter can lead to new monopoles
solutions in addition to the conventional one. With
I = diag(+σ, 0, 0, 0)/2, the four non-trivial gauge pro-
file functions are: v12, v14, v32 and v34 corresponding to
the 4 different non-zero entries in the two possible con-
structions of T+. We will write the equations of motion
only for this choice of I.
Inserting the ansatz for the fields into the energy func-
tional and then extremizing, leads to the equations of
motion for all spherically symmetric monopole solutions:
r2v′′12 = v12(v
2
12 + v
2
14 + v
2
32 + e
2H212 − 1)− v14v32v34 ,
r2v′′14 = v14(v
2
14 + v
2
12 + v
2
34 + e
2H214 − 1)− v12v32v34 ,
r2v′′32 = v32(v
2
32 + v
2
12 + v
2
34 + e
2H223 − 1)− v12v14v34 ,
r2v′′34 = v34(v
2
34 + v
2
14 + v
2
32 + e
2H234 − 1)− v12v14v32 ,
r2h′′1 = 2H12v
2
12 +H14v
2
14 −H23v232 + U1 ,
r2h′′2 =
1√
3
H14v
2
14 +
√
3H23v
2
32 −
2√
3
H34v
2
34 + U2 ,
r2h′′3 = −H14v214 −H34v234 + U3 ,
r2h′′4 =
√
15
3
H14v
2
14 +
√
15
3
H34v
2
34 + U4 ,
where primes denote derivatives with respect to r, Ui
are derivatives of the potential that we will not explicitly
write out, andHij ≡ r(Φii−Φjj). In the above equations
we have already chosen the phases, θij , of the complex
functions vij such that the energy is minimized. These
phases are constant in space and satisfy θ12+ θ34− θ14−
3θ32 = pi, resulting in the minus sign in front of the last
term in the equations for the vij ’s.
The boundary conditions on the Higgs field at r = ∞
are determined by requiring that Φ = Φ0 asymptotically
and those on the gauge field by requiring that eq. (12)
goes over into eq. (9) at infinity. Then,
v12(∞) = 1 , v14(∞) = v32(∞) = v34(∞) = 0
h1(∞) = 0 , h′2(∞) = h′3(∞) = 0 , h′4(∞) = η .
The boundary conditions on the Higgs field at the origin
are determined by requiring non-singular behavior:
hi(0) = 0 , i = 1, 2, 3, 4 , (15)
and the functions vij at the origin are as yet unspecified.
This is where we encounter the freedom that ultimately
leads to three different monopole solutions. As this is the
crucial new twist in the recipe, we describe it in some
detail.
Going back to the WG recipe, notice that if I3 is
diag(σ3, 0, 0, 0)/2 then T3 = diag(1,−1, 1,−1, 0)/2. This
leads to two possible choices for T±. The first is when
T+ is non-trivial in the 1-2 and 3-4 blocks. The second
choice is when T+ is non-trivial in the 1-4 and 3-2 blocks.
Requiring that the gauge field in eq. (12) be non-singular
at the origin fixes the values of functions vij at r = 0.
Then, for the case where T+ is in the 1-2 and 3-4 blocks
we have the boundary conditions:
v12(0) = 1 = v34(0) ; v14(0) = 0 = v32(0) . (16)
When T+ is chosen in the 1-4 and 3-2 blocks:
v14(0) = 1 = v32(0) ; v12(0) = 0 = v34(0) . (17)
Similarly, we can also choose I3 = diag(−σ3, 0, 0, 0)/2
and then T3 = diag(−1, 1, 1,−1, 0)/2. This leads to T+
lying either in the 3-1 and 2-4 blocks, or in the 2-1 and
3-4 blocks. The non-trivial gauge profile functions are
now: v21, v24, v31 and v34 [5]. The second choice for
T+ can be shown to lead to a solution that has scalar
and magnetic fields that are identical to those in the first
case (eq. (16)). The boundary conditions on the profile
functions for the first choice are determined by requiring
that the gauge field remain non-singular at the origin:
v31(0) = 1 = v24(0) ; v21(0) = 0 = v34(0) . (18)
In addition, the boundary conditions at infinity are
v21(∞) = 1 and vij(∞) = 0 for all (i, j) 6= (2, 1). This is
the third possible monopole solution.
Now our system is complete – we have the differential
equations and the boundary conditions. We solve the
equations numerically with the various boundary condi-
tions. The first case (eq. (16)) leads to the conventional
magnetic monopole which is also discussed in Refs. [8, 9]
(The conventional monopole is usually constructed by
setting I3 = 0 and repeating the above procedure). The
second and third set of boundary conditions give rise to
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FIG. 1: Profile functions vij(r) and hi(r) for e = 1, λ = 0.1,
h/λ = −0.2 and η = 1 (see Eq. (14) for definitions). The
upper panel shows plots of v12 (solid), v14 (dot), v32 (short
dash) and v34 (long dash). The function v34 is not identically
zero but vanishes in the limit of an infinite lattice size. The
lower panel shows plots of h1/r (solid), h2/r (dot), h3/r (short
dash) and h4/r (long dash). Functions v12 and v32 approach
their boundary values linearly.
two new solutions. The profile functions for the second
case are shown in Fig. 1. The third monopole solution
can be obtained from the second by switching the 1 and
2 rows and columns of the fields and simply amounts
to re-labeling the profile functions. Note that, while the
conventional monopole obtained using the boundary con-
ditions given in eq. (16) is the same as the one obtained
by choosing I3 = 0, there will be a difference between the
two if one breaks the S˜U(3) symmetry. This will become
relevant later when we consider the case of S˜U(3) break-
ing down to U˜(1)1×U˜(1)2. With I3 = 0, the gauge profile
functions must obey the boundary conditions vij(∞) = 0,
v34(0) = 1 with the rest of vij vanishing at r = 0.
The plot in Fig. 1 shows some unusual features. While
most of the profile functions show “good” asymptotic be-
havior, the functions v12 and v32 approach their bound-
ary values linearly. This behavior can be confirmed by
analytically expanding the equations of motion. It is also
physically reasonable since the functionsH12 andH23 ap-
pearing on the right-hand sides of the equations of mo-
tion do not acquire a VEV. Therefore the functions v12
and v32 correspond to massless gauge degrees of freedom.
The energy of the solution approaches the energy of the
conventional monopole as the lattice gets bigger.
We now interpret this rather peculiar situation follow-
ing the discussion of BPS magnetic monopoles in the
presence of unbroken non-Abelian symmetries by Wein-
4berg and collaborators [6, 7]. The idea is to consider
the case of maximal symmetry breaking first and then to
decrease the VEVs such that, in the limit of zero VEV,
the original non-Abelian symmetry is restored. In our
case, we only need to consider the breaking of the S˜U(3)
group further down to U˜(1)1 × U˜(1)2. In the numerical
implementation described above, the symmetry breaking
is achieved by giving a VEV to h1 and setting vij(∞) = 0.
Working, for simplicity, in the BPS limit (i.e. V (Φ) = 0),
we now let h1 = η1r in the asymptotic region. When
η1 6= 0, the symmetry breaking is:
S˜U(5)→ [U˜(1)1× U˜(1)2× S˜U(2)× U˜(1)]/Z˜3× Z˜2 (19)
As η1 is tuned to zero, we obtain the symmetry break-
ing pattern in eq. (1). Now the equations of motion are
solved again with the appropriate boundary conditions.
Just as we might expect, with η1 6= 0, all the three
monopoles are well-localized and have different masses.
In the case of the conventional monopole, obtained using
I3 = 0, the U˜(1)1 magnetic charge of the solution is zero
and the topological charge of the monopole is
Q =
1
2
diag(0, 0,−1, 1, 0) . (20)
The topological charge for the monopole in the second
case (eq. (17)) after the breaking of the S˜U(3) symmetry
is
Q′ = Q+
1
2
diag(−1, 1, 0, 0, 0) , (21)
where the second term is the charge of the U˜(1)1× U˜(1)2
monopole which only condenses when S˜U(3) is broken.
The topological charge of the monopole in the third case
is
Q′′ = Q+
1
2
diag(1,−1, 0, 0, 0) . (22)
As η1 is decreased, the U˜(1)1 × U˜(1)2 monopole will
spread, ultimately filling all space and becoming a
“cloud”. As in the BPS analysis [7], the energy asso-
ciated with the cloud goes to zero when we extrapolate
to an infinite lattice. With η1 = 0, we can explicitly
check that monopoles 2 and 3 are gauge equivalent. The
gauge equivalence of monopoles 1 and 2 (and, 1 and 3)
is more delicate since the cloud, which is the cause of
gauge inequivalence on a finite lattice, gets pushed to in-
finity in the infinite lattice limit. The two solutions are
equivalent but only under large gauge transformations.
As described below, this delicate behavior is not relevant
for us since we will be interested in the case when S˜U(3)
gets broken.
Therefore, we have in hand a total of 3× (3× 2) = 18
gauge equivalent fundamental monopole solutions in the
symmetry breaking in eq. (1). The 3 × 2 factor is due
to the 3 permutations of the λ8 and the 2 permutations
of τ3, and the factor of 3 refers to the three solutions de-
scribed above. Classically there is no distinction between
these solutions. However, in a dual quantum theory the
3 × 2 = 6 solutions are believed to correspond [10] to 3
color (SU(3)c) and 2 isospin (SU(2)L) degrees of free-
dom [3]. The remaining factor of 3 suggests that there
is a 3-fold replication of degrees of freedom in the quan-
tum theory even for fixed color, isospin and hypercharge
(U(1)Y ).
In the context of the dual standard model, the in-
terpretation of the 3 solutions is clear. The reason is
that color confinement in the dual standard model is ob-
tained by further breaking S˜U(3) to Z˜3. Then the col-
ored monopoles get connected by Z˜3 strings in color sin-
glet objects. However, the three solutions are manifestly
distinct when S˜U(3) is broken, since then they have dif-
ferent masses. Hence they necessarily represent distinct
particles in the dual (electric) theory.
Higher winding monopoles are built by combining fun-
damental monopoles and so we expect them to be repli-
cated as well. It would be very interesting to see if
the entire monopole spectrum is exactly triplicated. If
there are indeed three families of monopole solutions, it
would complete the tantalizing correspondence between
the magnetic charge spectrum of S˜U(5) monopoles and
the electric charge spectrum of observed particles [3].
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